A cover for a family of arcs is a convex region containing a congruent copy of every arc in the family. In this paper, we seek the smallest regular pentagon cover for the family of all triangles of perimeter two.
Introduction and Preliminaries
A convex region covers a family of arcs if it contains a congruent copy of every arc in the family. A cover for a family of arcs is a convex region containing a congruent copy of every arc in the family. The smallest cover for a family of arcs on the plane was asked. A popular shape of arcs is a triangle. In 1997, Wetzel [6] presented the smallest equilateral triangular cover for the family of all triangles of perimeter two. In 2000, Furedi and Wetzel [1] presented the smallest convex cover for the family of all triangles of perimeter two. In the same year, Wetzel [5] presented the smallest rectangular cover for the family of all triangles of perimeter two. In 2009, Zhang and Yuan [7] presented the smallest regularized parallelogram (whose length of the smaller diagonal is not less than one) cover for the family of all triangles of perimeter two. In 2011, Sroysang [3, 4] presented the smallest regularized trapezoid (whose length of the smaller diagonal is not less than one, and two smaller angles are opposite) cover for the family of all triangles of perimeter two. In this paper, we seek the smallest regular pentagon cover for the family of all triangles of perimeter two.
Let X be a convex set in the plane. For each θ ∈[0, π], let ω X (θ ) be the distance between the two parallel support lines of X with angle of inclination θ.
The maximum of ω X (θ ) is called the diameter of X, and the minimum of ω X (θ ) is called the thickness of X.
Note that (i) the thickness of any triangle is the length of the altitude to the longest side, and (ii) the diameter of any regular pentagon is the length of the diagonal.
Hence, the thickness of any triangle of perimeter two is at most We recall that the line segment of length one is a triangle of perimeter two. Therefore, the diameter of any regular pentagon cover for the family of all triangles of perimeter two is at least one since the cover contains a congruent copy of the line segment of length one. Moreover, we note that the diameter of any triangle of perimeter two is at most one. Proof. Let R be the regular pentagon of diameter one and let T be a triangle of perimeter two. We denote the vertices of the triangle T by A, B and C where the angle ∠A is greater than or equal to the angle ∠B, and the angle ∠B is greater than or equal to the angle ∠C.
WLOG, we can put the triangle T into the regular pentagon R where the segment BC lies on a diagonal of the regular pentagon R and the vertex A is above than the segment BC as shown in Fig. 1 or Fig. 2 or Fig. 3 . Now, the vertex A may be in the regular pentagon R or not in the regular pentagon R.
Since the thickness of any triangle of perimeter two is at most 1 3 , we obtain that the distance between the vertex A and the segment BC is at most 1 3 . But the distance between the vertex D and the segment BC is less than 1 3 . Thus, Fig. 2 is impossible. Hence, we will only consider Fig. 1 or Fig. 3 . Since the total length of the perimeter of the triangle ABC is greater than the total length of the perimeter of the right triangle FGC, it follows that the total length of the perimeter of the triangle T is greater than two. This is a contradiction. Hence, the regular pentagon R is a cover for the family of all triangles of perimeter two.
Next, we note that every cover for the family of all triangles of perimeter two must cover the line segment of length one. Hence, the diagonal of any regular pentagon cover for the family of all triangles of perimeter two must have length at least one. The diagonal of the regular pentagon R has length one. Therefore, the regular pentagon R is a smallest cover for the family of all triangles of perimeter two.
